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Abstract. We introduce the problem of mining FML (flexible multiple-
level) association rules in all concept hierarchies related to a set of user-
interested database attributes, as interesting association rules among
data items may occur at multiple levels of multiple relevant concept
hierarchies. We present a complete classification of all FML rules and
show that direct application of previous research can find only a small
part of strong FML rules. We propose an efficient method to generate
all strong FML rules in all concept hierarchies.

1 Introduction

Association discovery is one of the most important problems in data mining.
Previous research emphasized techniques for mining association rules at a single
concept level [1,2,6-8,10]. Some works extended this paradigm to mining rules
at generalized abstract levels [9] or at multiple levels [4]. However, they can only
find multiple-level rules in a fired concept hierarchy. Our study is motivated by
the goal of mining more flexible multiple-level association rules in all concept
hierarchies related to a set of user-interested attributes.

We assume that the database contains two parts: (1) an item data set I and a
database relation containing the description of each item in 7; (2) a transaction
data set 7', which consists of a set of transactions < T;,a >, where T; is a
transaction identifier and a C 7. The support of an itemset a (C I) in T, o(a/T),
is the ratio of the number of transactions (in T') containing a to the total number
of transactions in T'. An association rule is an expression a = b, where a,b C I
and aNb = (. The confidence of a = bin T is the ratio of c(aUb/T) to o(a/T).
We use minsup and minconf to denote the user-specified minimum support and
confidence respectively. An itemset a is large if o(a/T) > minsup; an association

rule @ = b is strong if o(a U b/T) > minsup and % > minconf. The task
of mining association rules is to generate all strong association rules.

Clearly, the above problem statement doesn’t consider the possible concept
hierarchies implied by the description relation of 7. Since interesting associations
may occur in these concept hierarchies, in this paper, we propose the problem
of mining FML association rules in all concept hierarchies related to a set of

user-interested database attributes and present an efficient solution for that.



2 Problem Description

Given a set of user-interested database attributes and some query, we can gen-
erate an attribute-information-encoded and task-relevant set of transactions
(called encoded transaction table) instead of the original database, see [4] for
details. Table 1(b) is an abstract example, where any item is encoded by the
attribute-code relations based on Table 1(a). For example, ‘121’ denotes an item
with attribute values {apple, large, Queensland} because the first digit, ‘1°; rep-
resents ‘apple’ corresponding to the first attribute content, the second digit, ‘2’,
represents ‘large’ corresponding to the second attribute size, and the third digit,
‘1’, represents ‘Queensland’ corresponding to the third attribute producing-area.
Our study will be based on the encoded transaction table.

Table 1. (a) Attribute-code table (left) (b) Encoded transaction table (right)

attribute-code|content| size | producing-area ||TID Ttems
1 apple |huge| Queensland Ty {111, 121, 211, 221}
2 banana|large Victoria T> {111, 211, 323}
3 pear | big |New-South-Wales|| T5 [{111, 122, 211, 221, 413}

A concept hierarchy can be defined on a set of database attribute domains
such as D(ay), -, D(ay,), where, for ¢ € [1,n], @; denotes an attribute and D(a;)
denotes the domain of a;. The concept hierarchy is usually partially ordered
according to a general-to-specific ordering. The most general concept is the null
description ANY'; whereas the most specific concepts correspond to the specific
attribute values in the database. Given a set of D(a1), -, D(a,), we define a
concept hierarchy H as follows: H” — H"~1 — ... — HO where H' = D(a}) x
~-x D(a}) for i € [0,n],and {a1, -, a,} = {a},---,a?} D {a}™",---,a"21} D
.- D (. Here, H" represents the set of concepts at the primitive level, H?*~!
represents the concepts at one level higher than those at H", etc., and H?, the
highest level hierarchy, may contain solely the most general concept ANY. We
also use {a?,---,a?} = {a?™',---,a"”1} = --- = {al} to denote H directly,
and H° may be omitted here. For example, there are 6 concept hierarchies related
to the attribute set {content, size, producing-area}. Based on Table 1(a), every
hierarchy of them implies a concept tree like Fig. 1. For more details about
concept hierarchies, see [5].

We introduce FML items to represent concepts at any level of any hierarchy.
We regard *, called trivial-digit, as a special digit and insert it into the set of
all digits. An FML item is defined as a sequence of digits (may include %), in
which * means that we don’t care about its corresponding attribute value. For
example, 12%, representing {apple, large, trivial}, means large apples. Thus, any
concept at any level of any concept hierarchy can be represented by an FML
item. For simplicity, any item (or itemset) mentioned later always refers to an
FML item (or itemset).
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Fig. 1. Concept hierarchies related to attribute set {content, size, producing-area}

Given an item ¢ = 2125 ...2,, we define its flat-set Sy(z) = {(i,2;) | i €
[1,n] and z; # *}. Given two items z and y, z is called a generalized-item of y
if S¢(xz) C S¢(y), which means that x represents a higher-level concept which
contains the lower-level concept represented by y. Thus, 5% is a generalized-item
of 35 due to Sy(xb*) = {(2,5)} C S;(35%) = {(1,3),(2,5)}. If Sy(z) =0, = is

called trivial-item, which represents the most general concept ANY.

2.1 FML Itemsets and FML Rules

Let T' be an encoded transaction table, ¢ a transaction in 7', x an item, and ¢
an itemset. We say that: (1) ¢ supports z if there exists an item y in ¢ such that
z is a generalized-item of y; (2) ¢ supports c if ¢ supports every item in ¢. The
support of an itemset ¢ in T, o(c/T), is the ratio of the number of transactions
(in T') which support ¢ to the total number of transactions in 7. Given a minsup,
an itemset ¢ is large if o(¢/T) > minsup, otherwise it is small.

Let ¢; = {12%,23%} and ¢ = {12%,23%, 1 * x}. Note that 1 * x is actually a
redundant item in ¢s because it can not provide any specific information due to
the existence of 12%. Every transaction supporting 12% must also support 1 * *
and so the supports of ¢; and ¢y are always the same. As a result, ¢; and ¢
have the same meaning in our study. Given an itemset ¢, we define its simplest-
form Fy(c) = {x € ¢ |Vy € ¢,S¢(x) ¢ S¢(y)}, and its complete-form F,(c) =
{z | S¢(x) C S¢(y),y € c}. Since an item in an itemset is redundant iff it is an
generalized-item of another item in the same itemset, the following three state-
ments about two itemsets are equivalent to each other: (1) they have the same
meaning in our study, (2) their simplest-forms are the same, (3) their complete-
forms are the same. Thus, itemsets with the same simplest (or complete) form



will not be distinguished in our study. We usually use the simplest-form to de-
note an itemset. For ¢; and ¢cg mentioned above, Fs(c1) = Fs(c2) = {12%,23x}
and Fe(e1) = Fe(ea) = {12%,23%, 1% %, 2 % #, %2% *3%, % % x}. So we treat ¢; and
¢o as one itemset, which can be denoted by Fs(c1) or Fs(ca).

Given two itemsets ¢; and cq, we define: (1) ¢1 C eq if Fe(er) C Fe(ea); (2)
¢1 C eg if Fe(er) C Fe(ea). We say that ¢y is a generalized-subset of ¢s if ¢1 C eq,
and a proper generalized-subset of ¢y if ¢ T cy. For example, {12%, %23, 2% 1, x3x}
is a generalized-subset of {123,2x* 1, 23x}. Clearly, every transaction supporting
an 1temset must also support all of its generalized-subsets. Hence, all generalized-
subsets of a large itemset must also be large.

Direct application of previous research [1] is not suitable for our problem
description because some more specific FML rules can be generated in our study.
For example, assume that {*34,2 * x} is a large itemset, besides generating
the rule {34} = {2 «}, it could be informative to also show that {*3x} =
{*34,2 x x}. To include the latter rule, we present a new description of all the
desired FML rules. Let [ be an itemset and a C I. An FML association rule is an
expression Fy(a) = Fs(Fe(l) — Fe(a)), denoted by r(l, a). FML association rules
are also called rules directly. Given a minsup and minconf, a rule r({, a) is strong
if ¢(I/T) > minsup and Ua(i//?) > minconf, otherwise it is weak. The problem of
mining FML association rules is to generate all strong FML rules, which can be
decomposed into two parts: (1) finding all large FML itemsets, (2) finding all
strong FML rules from all large FML itemsets.

We classify all itemsets ¢’s into three types as follows according to whether
they are associated with a single hierarchy or a single level. (1) SHSL (Single-
Hierarchy-Single-Level): all items in ¢ can be confined to a fixed level of a fixed
hierarchy, e.g. {1%%,2xx}and {111,232}. (2) SHML (Single-Hierarchy-Multiple-
Level): all items in ¢ can be confined to a fixed hierarchy, but not to any fixed
level of the hierarchy, e.g. {11%,2xx}. (3) MHML (Multiple- Hierarchy- Multiple-
Level): all items in ¢ can not be confined to any fixed hierarchy!, e.g. {11%, x*2}.

Let r(l,a) be a rule. If @ C [, r(l,a) is called a basic rule; otherwise, it is
an extensive rule. We classify all rules r(l,a)’s into five types as follows. (1)
BSHSL (Basic-SHSL): v(l,a) is basic and [ is SHSL, e.g. {1 * x} = {2 % x} and
{111} = {232}. (2) BSHML (Basic-SHML): r(l, a) is basic and [ is SHML, e.g.
{11x} = {2 x}. (3) BMHML (Basic-MHML): r(l, a) is basic and ! is MHML,
e.g. {¥x2} = {11x}. (4) ESHML (Extensive-SHML): r(l,a) is extensive and !
is SHSL/SHML?, e.g. {1 % x} = {12x}. (5) EMHML (Extensive-MHML): r(l, a)
is extensive and [ is MHML, e.g. {1 % %, %% 2} = {12x}.

Previous studies can only generate either some strong BSHSL rules at the
primitive level [1,2,6-8,10], or some strong BSHSL rules in a fixed concept
hierarchy [4,9]. Han and Fu presented a discussion in [4] about some more flexible
rules, however, this only covers a small part of strong BSHML rules in a fixed

! This statement implies that ¢ is related to at least two different concept levels so
that no Multiple-Hierarchy-Single-Level itemsets exist in this classification.

2 Since any extensive rule is always associated with at least two concept levels, no
Extensive-SHSL rules exist in this classification.



concept hierarchy. We will propose an efficient approach to generate all strong
FML rules. We summarize the relevant notation in Table 2, where some concepts
will be introduced later.

Table 2. Notation used in this paper

o(c/T) Support of itemset ¢ in T |Ox (1) Set of all |k|-outcomes of [

S¢(z) Flat-set of item z (1) Set of all elementary outcomes of {
F.(c) Simplest-form of itemset ¢ |Of () Set of all elementary |k|-outcomes of [
F.(c) Complete-form of itemset ¢|Cr  Set of candidate [k]-itemsets

r(l,a) Fe(a) = Fo(Fe(l) — Fe(a)) |Lr  Set of all large [k]-itemsets

f(l,0) F(Fe(l) — o) = Fq(o0) H,, Set of candidate |m|-outcomes of I
Fo(l,a) Fe(l) — Fe(a) Un  Set of all strong |m|-outcomes of I
Gr(c) Set of all [k]-generalized-subsets of itemset ¢

Vin(a,l) Set of all |m|-suboutcomes of a versus [

E,(a) Extension-result of self-extensive [2™ — 1]-itemset a, where m > 1

T Encoded transaction table |O(I) Set of all outcomes of {
k

(0]
(0]

3 Finding Large FML Itemsets

Given an itemset ¢, we call the number of elements in F(c) its size, and the
number of elements in F(c) its weight. An itemset of size j and weight & is called
a (j)-itemset, [k]-itemset or (j)[k]-itemset. Let ¢ be a (j)[k]-itemset. We use
Gi(e) to indicate the set of all [i]-generalized-subsets of ¢, where i < k. Thus the
set of all [k — 1]-generalized-subsets of ¢ can be generated as follows: G_1(c) =
{Fs(Fe(c)—{z}) | x € Fs(c)}, and the size of G_1(c) is j. Hence, for k > 1, ¢ is
a (1)-itemset iff |G_1(c)| = 1. With this observation, we call a [k — 1]-itemset a
self-extensive if there exists a (1)[k]-itemset b such that Gx_1(b) = {a}; at the
same time, we call b the extension-result of a. Thus, all self-extensive 1itemsets
a’s can be generated from all (1)-itemsets b’s as follows: F.(a) = Fc(b) — Fs(b).

Let b be a (1)-itemset and F;(b) = {z}. By |Fe(b)| = [{v | S¢(y) C S¢(2)} =
2151 we have that b is a (1)[21°7(®)]-itemset. Let a be the self-extensive item-
set generated by b, i.e., a is a [2157(®)| —1]-itemset such that F.(a) = F.(b)— F,(b).
Thus, if |Sf(z)| > 1, there exist y,z € F,(a) and y # z such that Sy(z) =
St(y) U S¢(z). Clearly, this property can be used to generate the corresponding
extension-result from any self-extensive [2" — 1]-itemset, where m > 1. For sim-
plicity, given a self-extensive [2™ — 1]-itemset a, where m > 1, we directly use
E,(a) to denote its extension-result. For example, F,({12x, 1 3,23}) = {123}.

Our algorithm makes multiple passes over the data. In the first pass, we count
the supports of all [2]-itemsets and then select all large ones. In pass k — 1, we
start with Lg_1, the set of all large [k — 1]-itemsets, and use Lg_1 to generate C,
a superset of all large [k]-itemsets. We call elements in Cy candidate itemsets.
We count the support for these itemsets during the pass over the data. At the
end of the pass, we determine which of these itemsets are actually large, and



obtain L for the next pass. This process continues until no new large itemsets
are found. Not that L; ={{trivial-item}} because {trivial-item} is the unique
[1]-itemset and supported by all transactions.

Algorithm 1. Finding all large FML itemsets.
Input: (1) T, an encoded transaction table, (2) minsup, the minimum support.
Output: L, a set of all large FML itemsets.

Ly :={{trivial-item} }; /* o({trivial-item}/T") =1 */
Ly :={a | ais a [2]-itemset and o(a/T") > minsup}; /* the first pass */
for (k :=3; Li_1 # 0; k++) do { /* pass k— 1%/

C. :=getcanditemset(Lx_1);
for each transaction ¢ in T do {
C; := {c € Cy | t supports c};
for each candidate ¢ in C; do c.support++;

}

Ly :={c € Cy | (o(c/T) := c.support/|T|) > minsup};

}

L= Uk Lg;

function getcanditemset(Lx—_; : set of all large [k — 1]-itemsets) {
Cy:={c|c=F.(li Uly),cis a [k]-itemset, l1,l2 € Lr_1}; /* join */
for every ¢ € Cy do if Gr_1(c) € Lr—1 then delete ¢ from Cy; /* prune */
if (log, k) is not an integer then C} := 0;
else C}. := {E,(l) | l is self-extensible, and | € Ly_1}; /* self-extension */
return C; U C,i;

It is obvious that the main procedure of Alg. 1 employs the idea described
before. Now we focus on the function getcanditemset, which generates a superset
of all large [k]-itemsets from Lj_1, the set of all large [k — 1]-itemsets.

The key observation of our method is that all [k — 1]-generalized-subsets of
a large [k]-itemset must also be large. So a necessary condition for a candidate
[k]-itemset ¢ is Gi_1(c) C Li_1. Furthermore, it is easy to see that the following
two properties for Gx_1(c) and k& > 3 hold: (1) if |[Gr_1(c)] > 1, then there
exist a,b € Gi_1(c) such that Fy(c) = Fs(a Ub); (2) if |Gr—_1(c)| = 1, then ¢
is a (1)[2™]-itemset, where k& = 2™, and so there exists a self-extensive [2™ —
1]-itemset® a such that Gi_i(c) = {a} and F(c) = Fs(E,(a)). For example,
given [9]-itemset {123, x3x} and [8]-itemset {123}, we have Gg({123,%3x}) =
{{123}, {12%,1% 3,423, x3x}} and G7({123}) = {{12%, 1 % 3,%23}}.

With the above observation, the function getcanditemset uses three steps to
generate the desired result from Li_q. In the join step, the function joins Llf_l
with Llf_l to obtain a superset of C —C}, where C} denotes the set of candidate
(1)[k]-itemsets. The itemset Fy(l3 Uls) is inserted in Cy if it is a [k]-itemset and
l1,l3 € Li_1.In the prune step, the function deletes all itemsets ¢ € C; such that
some [k — 1]-generalized-subset of ¢ is not in Lg_1. In the self-extention step,

% k > 3 implies m > 1 for k = 2™.



C} is generated independently. Since only [2™ — 1]-itemsets can be self-extensive
itemsets, where m is an integer, Li_1 contains self-extensive itemsets only when
log, k is an integer. Thus, in this step, if log, k is an integer, the extension-result
of each self-extensive itemset in Lg_1 is inserted into C}; otherwise, C} is empty.
Finally, the function returns C; U C}, a superset of all large [k]-itemsets.

We evaluate the computation cost of Alg. 1. An algorithm for finding all large
FML itemsets always needs to count supports for a set of candidates. Hence, its
computation cost can often be denoted by O(>" . (g(c)+5(c))), where C'is the
set of all candidates, g(c) is the cost for generating ¢ as a candidate, s(c) is the
cost for counting the support of ¢. Since obtaining the support of ¢ requires a
scan of a very large data set, s(¢) is often much greater than g(c). So the above
computation cost can be simplified as O(" . s(c)).

A small itemset is adjacent if all its proper generalized-subsets are large.
Thus itemsets can be divided into 3 types: (1) large, (2) small and adjacent, (3)
small and not adjacent. For any itemset of Type 3, we can determine that it is
small by finding out some of its small generalized-subsets. But for any itemset
of Types 1 and 2, we can not determine if it is small or large unless we get
its support. Hence, for completeness, the set of all candidate itemsets C' must
contain all Types 1 and 2 itemsets. Furthermore it is obvious that for any small
[k]-itemset, it is adjacent iff all its [k — 1]-generalized-subsets are large. Thus
Alg. 1 generates the smallest C', which precisely consists of all Types 1 and 2
itemsets. Hence, if the method of support-counting is fixed, Alg. 1 with cost
O(2_ccc s(c)) is optimal for solving this problem because C' contains only those
necessary candidates.

4 Finding Strong FML Rules

As mentioned before, we use r(l, a) to denote rule Fy(a) = F,(F.(l) — Fc(a)),
where [ is an itemset and a C /. Now we use F,({, a) to denote F,(l) — F.(a), and
say that F,(l,a) is an outcome-form of [ or the outcome-form of r(l,a). Note
that F,(l, a) represents only a specific form rather than a meaningful itemset so
that it is not equivalent to any other itemset whose simplest-form is Fs(F, (!, a)).
Outcome-forms are also called outcomes directly. Clearly, the corresponding re-
lationship between rules and outcomes is one-to-one. An outcome is strong if it
corresponds to a strong rule. Thus, all strong rules related to a large itemset can
be obtained by finding all strong outcomes of this itemset.

Let [ be an itemset. We use O(!) to denote the set of all outcomes of [, i.e,
O(l) = {F,(l,a) | a C l}. Thus, from O(l), we can output all rules related to [:
Fs(Fe(l) — 0) = Fs(0) (denoted by #(l,0)), where o € O(l). Clearly, r(l,a) and
7(l,0) denote the same rule iff o = F,,(l, a).

Let 0,6 € O(l). We say that (1) ois a |k|-outcome of [ if o exactly contains k
elements; (2) 6 is a suboutcome of o versus [ if 6 C 0. We use Ok (!) to denote the
set of all |k|-outcomes of [, use Vj, (0,!) to denote the set of all |m|-suboutcomes
of o versus [. Let o be an |m + 1|-outcome of [ and m > 1. If |V, (0, 1)| = 1, 0 is
called an elementary outcome; otherwise, o is a nonelementary outcome.



Let o be an elementary |m + 1|-outcome of I. In this case, there exist 6 €
Om (1) and z € F.(I) such that V,,(0,1) = {6} and 6 U {2} = o, which implies
o= {y € Full) | 5;(3) 2 y(z)}. We use Pu(l,z) to denote {y € Fu(l) | 5;(3) 2
St(z)}. Thus, the set of all elementary outcomes of 1, denoted by O°((), equals
{Pu(l,z) | = € F.(I)}. We also use Of(l) to denote the set of all elementary
|k|-outcomes of .

Let o be a nonelementary |m+1]-outcome of . In this case, we have |V;,, (0, 1) >
1. Furthermore, for any o1, 05 € Vj,(0,1) such that o; # 0, we have 0 = 07 Uos.

Let r({,a) and r(l,b) be two rules. We say that r(l, a) is an instantiated-rule
of r(I,b) if b C a. Clearly, b C a implies o(b/T) > o(a/T) and %i//—?% > ?(%—g%.
Hence, all instantiated-rules of a strong rule must also be strong. Let [ be a large
itemset, 01,09 € O(1), 01 = F,(l, a) and 02 = F, (I, b). Tt is straightforward to get
that (1) Fo(l,a) C Fo(l,b) iff b C a; (2) #({,01) = r(l,a); and (3) #({, 02) = r(/, b).
Therefore, #(I, 01) is an instantiated-rule of #(, 02) iff 01 C 03, which implies that
all suboutcomes of a strong outcome must also be strong.

This characteristic is similar to the property that all generalized-subsets of an
large itemset must also be large. Hence, from a large itemset [, we first generate
all strong rules with |1|-outcomes®. We then use all these strong |1|-outcomes
and the function getcandoutcome described below to generate all possible strong
|2|-outcomes of [, from which all strong rules with |2|-outcomes can be produced,
etc. An algorithm using this idea is presented below.

Algorithm 2. Finding all strong FML rules from all large FML itemsets.
Input: (1) L, a set of large FML itemsets, (2) minconf, the minimum confidence.
Output: R, a set of all strong FML rules.

R :=0;

for every large [k]-itemset Ix € L, k > 2 do {
Hy:={{a} | a € Fi(lx)};
R, :=getrules(lx, H);
R:=RURy;

}

function getrules(ly: large [k]-itemset, Hyy,: set of candidate |m|-outcomes of 1) {
Ry :=0;
for every hy, € Hp do {
conf:= o (Fe (1) /T ;
o(Fs(Fe(lp)—hm)/[T)’
if (conf > minconf) then insert rule Fi(F.(lx) — hm) = Fs(hm)
with confidence=conf and support=0(Fs(lx)/T) into Ru;
else delete hy, from Hp,;
}
Ry =0
if (k>m+1)and H,, #0 then {
Hpmy1 :=getcandoutcome(lx, Hy);
Ry :=getrules(lx, Hm41);

* We ignore the |0|-outcome @, which only corresponds to all trivial strong rules:
Fs(l) = 0 for every large itemset I.



}

return R; U Rs;

}

function getcandoutcome(ly: [k]-itemset, Uy,: set of all strong |m|-outcomes of Ix) {
Uy :={o|o=01U02,0 € Omy1(l),01,02 € Un}; /* join */
Uy :=U; U 0541 (I); /* elementary */
for every o € U, do if Vi, (0,1) € Ur, then delete o from Uy; /* prune */
return Uy;

}

This algorithm uses every large itemset to generate the desired rules. Let /i
be the current large itemset considered by the algorithm. We use H,, to denote
the set of candidate |m|-outcomes of [, which is a superset of all strong |m|-
outcomes of [;. Note that Hy should exactly contain all |1]|-outcomes of I so
that it equals O1(lx) = {{a} | @ € Fs(lx)}. Thus, it is easy to see that the main
procedure and function getrules in Alg. 2 employ the idea described before.

Now we focus on the function getcandoutcome. It takes two arguments: [,
a large [k]-itemset, and U,y,, the set of all strong |m|-outcomes of li. Tt returns
a superset of all strong |m + 1|-outcomes of l;. The key observation is that all
suboutcomes of a strong outcome must also be strong. Thus a necessary condition
for a candidate |m + 1]-outcomes o is Vi, (0,l) C Uy, . Furthermore, as we have
shown, for m > 1: (1) if |V, (0,{5)| > 1, then there exist 01,02 € Viy(0,lx) such
that 0 = 01 Uos; (2) if [Vin(0,lx)| = 1, then 0 € OF, ,, (Ix). With this observation,
the function getcandoutcome generates all elementary candidate |m+1|-outcomes
of [y and all nonelementary candidate |m + 1|-outcomes of I respectively. In the
join step, the function joins U, with U,, to obtain a superset of all strong and
nonelementary |m + 1|-outcomes of li. The form oy U 05 is inserted in Uy if it
is an |m + 1|-outcome of I and 01,09 € U,,. Next, in the elementary step, the
function merges Oy, (Ix), the set of all elementary |m + 1|-outcomes of I, into
U to obtain a superset of all strong |m + 1|-outcomes of I;. Then, in the prune
step, the function deletes all outcomes o € U such that some |m|-suboutcome
of o versus [j; is not in U,,. Finally, the function returns U;, which is a superset
of all strong |m + 1|-outcomes of I.

We evaluate the computation cost of Alg. 2. The computation cost of an
algorithm for generating all strong FML rules from all large FML itemsets can
be denoted by O(|C|t 4+ |C|s), where C' is the set of all candidate rules, s is
the average cost for generating one element in C', and 1 is the average cost for
computing the confidence of one element in C. In Alg. 2, |C| = 3", |H(I)],
where H(l) is the set of all candidate outcomes of [. If we use the hashing
technique described in [1] to search itemsets efficiently, both costs ¢ and s can
be limited. Hence, it is reasonable to take O(|C|) as the main cost of Alg. 2.

A weak rule is adjacent if all its instantiated-rules but itself are strong rules.
Thus rules can be divided into 3 types: (1) strong, (2) weak and adjacent, (3)
weak and not adjacent. For any rule of Type 3, we can determine its weakness
by finding out some of its weak instantiated-rules. But for any rule of Types 1
and 2, we can not determine if it 1s strong or weak unless we get its confidence.



Hence, for completeness, the set of all candidate rules C' must contain all Types 1
and 2 itemsets. A rule is called a |k|-rule if its outcome is a |k|-outcome. Clearly,
for any weak |k|-rule, it is adjacent iff all its |k — 1|-instantiated-rules are large.
Thus Alg. 2 generates the smallest C', which precisely consists of all Types 1 and
2 rules. So Alg. 2 with cost O(|C|t + |C|s) is optimal for bounded costs ¢ and s.

5 Conclusions

We have extended the study of mining multiple-level association rules in a fixed
hierarchy to mining FML (flexible multiple-level) rules in all concept hierarchies
related to a set of user-interested database attributes. We have classified all FML
rules into five types and observed that the direct application of the existing al-
gorithms can generate only a small part of strong Basic-Single-Hierarchy-Single-
Level rules, which are confined in a fixed hierarchy. To generate all strong FML
rules, we propose efficient algorithms for finding all large FML itemsets and for
finding all strong FML rules from large itemsets respectively. Our performance
study shows that the computation costs of both algorithms are near optimal.
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