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Abstract. The spherical harmonic (SPHARM) description is a powerfuface
modeling technique that can model arbitrarily shaped bapki connected 3D
objects and has been used in many applications in medicaimgaPrevious
SPHARM techniques use the rst order ellipsoid for estdbhg surface corre-
spondence and aligning objects. However, this rst ordésrimation may not be
suf cient in many cases; a more general method for establjshurface corre-
spondence would be to minimize the mean squared distanaed&etwo corre-
sponding surfaces. In this paper, a new surface matchirggitdm is proposed
for 3D SPHARM models to achieve this goal. This algorithm &g a useful
rotational property of spherical harmonic basis functitorsa fast implementa-
tion. Applications of medical image analysis.g, spatio-temporal modeling of
heart shape changes) are used to demonstrate this appfoedtetical proofs
and experimental results show that our approach is an decana exible sur-
face correspondence alignment method. This surface matetgorithm can be
integrated into an ICP-like framework for registration & Barametric surfaces.

1 Introduction

Surface representation and shape modeling play incrdggingminent roles in many
computer vision and image processing applications. Médtitage analysis is one of
the most important applications. Many techniques have begeloped for modeling
and inspecting anatomic structures in the diagnosis aathtent of disease. The spher-
ical harmonics approach has been used for the representdtshapes in many types
of biomedical image data to help perform functional infotima analysis or classify
different pathological symptoms.

Many spherical harmonic based shape descriptions havedeefoped for med-
icalimage analysis. Chezt al.[1] use this method to model and analyze left ventricular
shape and motion. Mathermy al. [2] and Burelet al. [3] use 3D and 4D surface har-
monics to reconstruct rigid and nonrigid shapes. Since $iteg from an initial radial
surface functiorr(; ), their method is capable of representing only star-shaped o
convex objects without holes. Brechbuhégral. [4] present the SPHARM description
that is an extended spherical harmonic method for modeliygsamply connected 3D
object. The object surface is represented@s ) =(x(; ); y(; ); z(; ))T and
spherical harmonics expansion is used for all three coatdg Gerig and Styner have



applied SPHARM in many medical imaging applicatiorsy, shape analysis of brain
structures [5-7]).

In order to compare different SPHARM models, a shape registr step is often
necessary for aligning these models together and extgattair shape descriptorse.,
excluding translation, rotation, and scaling). Like shegggstration using ICP [8], two
important substeps are involved in aligning SPHARM moddlscreating surface cor-
respondence, and (2) minimizing the distance between thiesponding surface parts.
Once the surface correspondence is established, theahistanimization becomes rel-
atively easy. Thus, the focus of this paper is on creatinfasarcorrespondence for two
3D SPHARM models.

Previous studies [5, 6] used the rst order ellipsoid for phaegistration. The pa-
rameter net on this ellipsoid is rotated to a canonical posguch that the north pole
is at one end of the longest main axis, and the crossing pbtheazero meridian and
the equator is at one end of the shortest main axis. The aipaemeter space creates
surface correspondence between two models: two pointstixdtBame parameter pair
(; ) ontwo surfaces are de ned to be a corresponding pair. Tiislent technique
works only if the rst order ellipsoid is a real ellipsoid, @&sthe case of hippocampal
data [6], but not if it is an ellipsoid of revolution or a spkefhere are also other cases
in which rst order ellipsoid alignment may not work. One exgle is given in Fig. 1
for the heart ventricle case.

In this paper, instead of aligning the rst order ellipsoite employ a more general
metric for establishing surface correspondence: minimgizhe mean squared distance
between two SPHARM surfaces. A fast surface alignment dhgoris proposed to
achieve this. Based on the rotational properties of harosoemalysis, we prove that a
new set of SPHARM coef cients after a rotated parametr@atian be directly gen-
erated from the original set. Thus we can easily obtain a neiW/ARM model for a
re-parameterized object by rotating its parametrizationgthe surface. This process
is faster than a standard recalculatierg( solving a linear equation) of SPHARM co-
ef cients for a re-parameterized object. This work is matad by the need for better
shape modeling and analysis in current medical applicatidome of these applications
are used to demonstrate our algorithm in this paper.

2 Methods

2.1 Surface Description Using SPHARM

The SPHARM technique [4] can be used to model arbitrarilysghlasimply connected
3D objects. The object surface is represented by using ihéarmonics expansion
for all three coordinates,

X X
v )=(x(;oyGo izt N T = Y (o) (1)
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The coef cientsc" = (q;;cy;qy)" are 3D vectors. Their component§,, ¢, and
¢y are usually complex numbers. The coef cients up to a useirde degree can be



estimated by solving a set of linear equations in a leastregfashion. The object
surface can be reconstructed using these coef cients, simgy inore coef cients leads
to a more detailed reconstruction. Thus, a set of coef @eattually form an object
surface description.

2.2 Fast Rotation Theorem for Spherical Harmonic Parametrzation

Theorem (Parametrization Rotation). The parametrization spatial rotation on the
surface can be decomposed into three rotatlon§30f rrlgpplragrm«er meshes onto

thex-spherey-sphere, and-sphere. Lev(; )= |, - ¢"Y"(; )bea
SPHARM parametric surface. After rotating the parametémonethe surface in Euler
angley; ; ), the new coef cientg" ( ) is
X 0
o"( )= " Diymo( - 2
mo=|

Proof. According to Euler's rotation theorem, any rotation of tr@odinate system
(e1; €2; €3) can be decomposed into three elementary rotafns; ). TheSO(3)
harmonics provide the tool to express the rotated versica fohction on the sphere
extended by spherical harmonics [9]. The effect of such atimt on the spherical
harmonic basis functions is [10]

Rzvz ( )Y™(; )= Y"°(; )Dhem( )i 3)

mo= |

whereRzy z ( ) represents the rotation operator dependent on the Eulérsarige
rotation matrice®! o, ( ) (also called thesO(3) matrix elements) are calculated
by

Dhom( )= €™ dpon()e ™ ;

where
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In order to reduce the computations, we use the symmetryeptiep
Ao ( )= d ol ) @Nddhor ()= D™ ™ diyy o ):

Since we employ the SPHARM surface modeling technique, tinlase coordinate
information of a 3D object is coded onto three unit spheras<-aphere, a/-sphere,
and az-sphere. These three spherical functions are expandegigsirerical harmonics



andrepresenteddy( ; ) (f 2 fx;y;zg). We denoté { ; ) as the new function after
applying a rotation operatétzy z ( )tof (; ) onthef-sphere:

% )=Rzvz( )f( ) 4)
thus
v )= Rag ()X )iy )iz(o )T (5)
where 0 1
Rzvz( ) 0 0
Roni( )= @ 0 Rzvz () 0 A
0 0 Rzvz( )

Thenv®; )= Rop( )Vv(; ) representsthe new parametrization on the surface,
which can be generated by rotating the original paraméinizalong the object's sur-
face about Euler angles; ; ). In other word, the result of applying the rotation
matrix Rzy z ( ) on the mapping meshes xify; z-sphere is to rotate the parameter
mesh on the object's surface at the same orientation. Beaafuhe distortions intro-
duced by spherical parameterization, the result of rataanot identical to the result

of applying Euler angles on the sphere, but both will havelgehe same orientation.
Thus we only us®y,; , which we refer to as the parametric rotation matrix, foatig

the parameter mesh along the surface of an object. Subsiitag. (1) and Eq. (3) into
Eq. (4) gives

X X x X o o
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a% Rzvz( )Y (; )= o}t Y2(; )Dpmo( )
10=0 mO0= |0 10=0 m0= |0 n= 10

and muItipIyinngj (; ) on both sides (adjusting tHefrom O to L andj from k
to k) and integrating on the sphere. Since all Kronecker del#egsare zero except at
k=1=1%ndj = m = n, we get the following:
0 Xl
m — mo~1° _ oI .
Git ( )_ CIOfDmmO( )_ CIT DmmO( ) (6)
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According to the above derivation, the harmonics expansa®i cients transform
among themselves during rotation. Each new spherical haimeoef cient ¢’ )
after applying a rotated functidRzy z ( ) is alinear combination of the coef cients
g of the original functiorf (; ) (f 2 f x;y;zg). We can use this property to calculate
the new SPHARM model?( ; ) for the object surface after a rotated parametrization,
and we only need the old coef cients?, ¢, ¢i7 g and rotation matrice® bmo( ).



2.3 Surface Correspondence Difference Measure

The surface correspondence alignment problem is gendoathulated in terms of the
optimal parameters, such@s; ), that minimize some surface distance function. In
this paper, we adopt the Euclidean distance as the distanctidn between surfaces.
Formally, for two surfaces given ba (s) andv,(s), their distanc® (v1; v2) is de ned

as [6]

' i X X X i
D(va;v2) =( kvi(s) va(s) k? ds)*™? = ( (CHENUO D
f2f x;y;zg1=0 m= |
(7)

2.4 Fast Surface Alignment Algorithm

We use a sampling-based search algorithm, which xes orepater mesh and rotates
the other to carry out a greedy search on its surface with # step size, to align the
surface correspondence by minimizing the surface distdacesd in Eq. (7). First, we
uniformly distribute sample points on the surface as the mesth poles locations, and
the new SPHARM coef cients can be calculated by using Eqwi#) new Euler angles
set(; ; ). For each candidate north pole, the parameter mesh is colotlewvise
rotated along the new north-south aixes (the rotation angtenges from 0 t@ ). In
order to calculate the coef cients of the new rotated part@mmesh using Eq. (2), we
must transform the rotation andleinto the Euler angle§; ; ).

The original north and south poles of a surface's paramegshnare mapped onto
the axise3 = (00 1) and e3 =(00 1) in the x-, y-, andz-sphere. After ro-
tation using Euler angle§ ,; ,; p), the north and south pole coordinates switch
fromv(; )tovq; )= Ros( p p p)V(; ); ( =0 or ). Simultaneously the
axis ez in the coordinate systems of the three mapping spheres iggekaoé; =
Rzvz ( p p p)(001)". Becauses also contains the origin and has unit length direc-
tion, we apply the Rodrigues' rotation formula [12] for coutimg the rotation matrix
Re, 2 SO(3) corresponding to a rotation by an anglebout the xed axis;

3
0 &5 &

Re,(!)=1+Ssin +S%(1 cos); S=46&, 0 &;%9°;
€y €x 0

wherel is the identity matrix. We can obtain the Euler andles;, ) by solving the
equationRzy z ( ) = Re, (! ). These Euler angles can then be used to calculate the
coef cients of new parameter mesh using Eq. (2).

In the second step, we use the BFGS algorithm [13] to locallyimize Eq. (7)
starting from the result of the rst step. Because the resfithe rst step is already
close to the target, this step generally needs only a featitars. Although the dimen-
sion of the Jacobian matrix is large, the matrix is quite spaFhe computational time
of this step is very low.
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3 Experiments and Discussions in Medical Image Analysis

The fast alignment algorithm for surface correspondenseriteed above was used for
shape analysis in selected medical image analysis apgphsatBased on segmented
MRI data of heart, we use the SPHARM method to do surface stngetion and apply
the surface alignment algorithm presented in this papeeterthine a correspondence
between shapes. This aligned correspondence allows cesesito access more func-
tional details. Because, in cardiac MR, the positions amapss of heart or ventricle
comprise rich medical information, we cannot translatectate them in some heart
functional analysis applications. For example, we can atign the surface correspon-
dence between the cardiac inner and outer surfaces witgubgation or change on
their shape if we want to accurately assess the changeslithieahess. Our algorithm
is suitable for these tasks.

(a) (b) (©) (d) (e)

U] (9) (h) 0] 1)
Fig. 1. Comparison of methods: (a) shows the reconstructed SPHARNMce of left ventricle,
(b) is the rst order ellipsoid of surface (a); (c) shows theeonstructed SPHARM surface of
right ventricle, (d) is the rst order ellipsoid of surface)( By using the previous method, the rst
order ellipsoids and parametrizations are rotated to tkéipnos in (f) and (h), and the SPHARM
surfaces and parametrizations are rotated as (e) and (g)siByg our algorithm, (i) shows the
result of poles alignment. North (yellow point) and soutbd(point) poles are aligned close to
the poles of (a). And the parameter mesh is rotated alongdtta pole. After using the BFGS
algorithm [13] in the second step, the last alignment rashown in (j).

3.1 Comparison of Methods

In previous shape analysis study using the SPHARM desornifffi], researchers choose
to use the three major axis of the rst order ellipsoid (whishcomputed from the
rst order SPHARM coef cients) as the intrinsic coordinaggstem. Parametrization is
rotated in the parameter space for normalization so thaethrain ridges of the rst
order ellipsoid are moved to the equator [5, 6]. Their metivocks well if two or more
objects have a similar orientation (e.g., aligning hippopal shapes). However this
method may not work in some cases.

Fig. 1.(a) and Fig. 1.(c) show the reconstructed surfacevof\entricles of the
heart (left ventricle and right ventricle). We separategheametrization on the surface
into eight regions using ve lines (= =2 in white line, yellow points is north pole



and = 0, red points is the south pole and= , the other four lines separately
represent =0; =2; ; 3=2;2 ). We also use different colors for each region. These
ve lines and two poles show the correspondence on the sesfdbus it can give us the
directly visualized validation for the alignment resulthél correspondences between
surfaces in Fig. 1.(a) and Fig. 1.(c) are unordered as thaliations. Fig. 1.(b) and
Fig. 1.(d) show their rst order ellipsoids. By using the pi@us method, the rst order
ellipsoids and parametrizations are rotated to the postio Fig. 1.(f) and Fig. 1.(h).
Three main directions of the ellipsoids are moved to the sgudhe regions with
similar closed ; ) values on two ellipsoids' surface are visualized by the seater.
The surface correspondence is created when the rst ortips@ is aligned. As the
result, the SPHARM surfaces and parametrizations shoutdtaged as Fig. 1.(e) and
Fig. 1.(g). A limitation of this approach is that it may nopresent the real surface
correspondence between two surfaces. The reason for tihigtithe left ventricle and
right ventricle have two very different orientations of ithest order ellipsoid that are
obvious in Fig. 1.(b) and Fig. 1.(d). Thus, although the estier ellipsoids are rotated
to the normalized positions, the surfaces are rotated topthesite orientations.

Our new alignment algorithm produces a correct alignmetti@se cases, because
it is a general surface alignment method that does not depeiadly orientation infor-
mation. Fig. 1.(i) and Fig. 1.(j) show the results generdtgdur algorithm. Fig. 1.(a)
is the xed surface and the parametrization in Fig. 1.(c)asated to Fig. 1.(j). The
visualized color lines and poles can validate our result.

The effectiveness of our algorithm can also be demonstitedmputing the sur-
face correspondence distance de ned in Eq. (7). The sudaoespondence distance
between surfaces in Fig. 1.(e) and Fig. 1.()386536nm, but the surface correspon-
dence distance between surfaces in Fig. 1.(a) and Figid6®4798nm. Our surface
alignment algorithm derives a better result.

3.2 Alignment for Temporal Heart Sequences

(@)

(b)
Fig. 2. (a) shows a shape sequence of a left ventricular inner sudiaing one heart cycle before
surface alignment. The shape sequence in (b) is the reseltsafrface alignment.

This new surface alignment algorithm also provides a pringisethod for study-
ing spatio-temporal structures. In the previous reseatdh, [surface tracking tech-
niques (tracking points on 3D shape using 2D images) are tsedeate temporal
sequence descriptions for points on the left ventricle irsueface through each heart



cycle. Such temporal sequence descriptions can quangfyémtricular mechanical

asynchrony or synchrony, which has important diagnostit grognostic values, and
can help determine optimal treatment in heart failures wlagneart has a highly asyn-
chronous contraction. Because the points are tracked om2igés and mapped to a
3D surface, this method can only describe the heart coigraand dilation along the

plane direction, and is not accurate for the perpendicutaction.

Combining the SPHARM description and our surface alignnmeethods offers a
set of spatio-temporal surface correspondences for nieidiege analysis research.
Our new algorithm generates more reasonable surface pondsnces for the left ven-
tricle sequence, and these surface correspondenceshaetwiheart contraction and
dilation in every direction of 3D space. Based on this new ehothore valuable diag-
nostic and prognostic information can be derived for hejpiteke clinical determina-
tions.

Fig. 2.(a) is a shape sequence of a left ventricular inndaserduring one heart
cycle. Before surface alignment, the parametrization efgsurface is unordered. The
shape sequence in Fig. 2.(b) is the result after surfacerakgt. During the alignment
procedure, every shape is aligned with its anterior shape.

4 Conclusions

This paper addresses the problem of nding surface cormdgaces between SPHARM
parametric surfaces. We propose a theorem based on the SRH#tRtional property
to easily calculate SPHARM coef cients of the new parametesh along the surface.
The distance between surfaces is de ned as the objectiwtium Its ef cacy is demon-
strated in experiments based on several medical reseableprs, where we observe a
signi cant improvement in robustness relative to existsigpe modeling and analysis
techniques.

There are several future directions. 1) The current aligoritan be integrated into
an ICP-like framework for registration of 3D parametricfages. After nding the cor-
responding points on the surfaces, we can use an ICP-likeitlgn to minimize the
value of the correspondence. 2) Considerable researchobased on generating an
equal area parametric mesh for a given surface. Our alighatgorithm can be com-
bined with such parametrization methods to produce a bgttidace correspondence.
These results are very useful for the shape and functiotadysia in medical imaging.
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