
Curves and Surfaces

Stephen Kabira

Introduction:

• World is three dimensional….how to transfer this too 
the virtual world?

• How can curves and surfaces be represented?

• Possible approach 
– define curved objects that are collections of flat polygons as in 

sphere model



Better Methodologies

• Provide user with means to work with curved objects

• Subdivide the curved object into collections of flat 
primitives

• Leave the rendering of the objects to the implementation
– Allows process to be transparent to programmer

• Three ways to model curves and surfaces

Representation of curves and surfaces

• Explicit

• Implicit

• Parametric



Explicit & Implicit Form

Explicit Representation

• In two dimensions, dependant variable given in terms of 
the independent variable
– x is independent and y is dependent

– i.e. in (x, y) space y = f(x)

• For a line, form written as y = mx +h

• Does not hold for vertical lines

• In three dimensions, two equations needed
– x as independent variable two dependent variables 

– y = f(x) and z = g(x)



Implicit Representation

• Most curves and surfaces have implicit representation
• Implicit function f(x, y) = 0 
• Take pair of x, y

– evaluate f 
– determine if point lies on the curve

• Testing or membership function
– divides space into points that belong to the curve and those 

that do not

• Less coordinate system dependent than the explicit form
• Represents all lines and circles
• However curves in 3D are not easily represented

Parametric Form



Parametric Form

• Expresses value of each spatial variable for points on the 
curve in terms of an independent variable u know as the 
parameter
x  = x(u)
y =  y(u)
z =  z(u)

• Most flexible and robust for computer graphics

• The same in two and three dimensions

Parametric Polynomial Curves

• Parametric forms are not unique
– There are many ways to represent curves and surfaces

• Want a representation that is stable

• As value of u varies over its range, curve segment is defined



Examples

• Parametric Curves

p(u)

p(umin)
p(umax)

p(0) = p0

p(1)= p1• Parametric Lines

– Line connecting two 
points p0  and p1

x

y

• Parametric Surface

Parametric Polynomial Surfaces

• Surfaces require parameters
– p(u,v) =  x = x(u,v)

y = y(u,v)
z = z(u,v)

• Use of surface patch- can be viewed as limit of 
a collection of curves
– Interchange u or v as constant and vary each other
– Define parametric curves
– Use curves to generate surfaces with similar 

characteristics

• Want same properties as curves -
– Smoothness
– Differentiability
– Ease of evaluation

x

y

z p(u,0)

p(0,v)

p(u,1)



Parametric Sphere

• Parameters
– x(u,v) = r cos θ sin φ
– y(u,v) = r sin θ sin φ
– z(u,v) = r cos φ

ü θ constant - circles of constant longitude

ü φ constant - circles of constant latitude

Design Criteria



Criteria for Curves & Surfaces

• Local control of shape 
– simple curve segments joined together provide better shape control

• Continuity and smoothness
– touching segments and smooth transition between segments

• Derivative which can be evaluated
– to evaluate smoothness

• Stability: 
– smooth changing of parameters leads to intuitive changes in curve 

segment

• Ease of rendering

Curved Segment

• Better to design small connected curve segments

• Allows interactive modification 
– i.e. molding shape to specification

• Set up Control-points (p2 & p3) to re-define shape

• Curve does not have to pass through all control-points 
– Satisfied if it is smooth

p(u)

q(u)
p(0)

q(1)

join point p(1) = q(0)

p(3)

p(2)



Design Principles

• Stability principle - small changes in the values of input 
parameters should cause only small changes in output 
variable
– i.e. change to shape only affects area being worked on or being 

modified 

• Good techniques needed to render curves and surface

• Display curves and surfaces with techniques used for flat 
objects, including color, shading and texture mapping

Summary

• Represent curves and surfaces….Explicit, Implicit, 
Parametric

• Maintain Design Criteria for Curves & Surfaces

• Provide user with means to work with curved objects 

• Want a representation that is

– Stable

– Smooth

– Easy to evaluate 



Questions…….



Parametric Curves & 
Surfaces with Interpolation

By Phillip Olejarz

Outline

Â Parametric Cubic Polynomial Curves (10.3)

ÃDegree of a Curve

Â Interpolation (10.4)

ÃBlending Functions

ÃCubic Interpolating Patch



Parametric Cubic Polynomial Curves

Â Definition:
ÃA parametric curve is a curve defined by a 

parametric equation.

Ã Involves two parameters; commonly (u,c). 

ÃTypically they will be curves in three 
dimensions.

Degree of a Curve

Â A measure of Curvature
Ã How do we choose the degree?

Â Choosing a High Degree 
Ã Creates too many parameters when defining a curve.
Ã Evaluation of points on the curve will be costly.
Ã More danger that the curve will become rougher.

Â Choosing a Low Degree
Ã Fewer Degrees of Freedom.
Ã Fewer Parameters to with which to work with.

Ã For these reasons, most designers at least initially, 
work with cubic polynomial curves.



Writing a Cubic Parametric Polynomial

Â We can write a cubic parametric 
polynomial using a row and column matrix.

p(u) = c0 + c1u + c2u2 + c3u3 = Σ ckuk = uTc
3

k=0

Where:

c = [ ]
c0
c1
c2
c3

u = [ ]1
u
u2

u3
ck = [ ]ckx

cky
cxz

Parametric Cubic Polynomial Curves

Â Values of the parameter u describe the design of 
a particular type of cubic.

Â This data might take the form of interpolating 
conditions – the constructed curve will closely fit 
the defined data points.

Â Depending on how we use some given data, the 
same data can define more than a single curve.



Interpolation

Â Definition:
Ã Is the approximation of a complicated function by a 

simple function. 
Â Suppose we know the function but it is too complex to 

evaluate efficiently. Then we could pick a few known data 
points from the complicated function and try to interpolate 
those data points to construct a simpler function. 

Â We usually do not receive the same result as when using the 
original function, but depending on the problem domain and 
the interpolation method used the gain in simplicity might 
offset the error.

Interpolating Polynomial

Â Interpolating Polynomials are rarely used 
in computer graphics, however, the 
deviation illustrates the steps we must 
follow for our other types

Â Suppose we have 4 control points in 3D:

p0, p1, p2, and p3
Each is of the form:

pk = [  ]xk
yk
zk



Interpolating Polynomial Cont.

Â We seek the coefficients c such that the 
polynomial curve passes through or 
interpolates the 4 control points.

Interpolating Polynomial Mathematics

Â We have to decide at which values of the 
parameter u the interpolation takes place.

Â To simplify; we equally space the values.
Â u = 0, ⅓, ⅔, 1

Â The 4 conditions are thus:

p0 = p(0) = c0

p1 = p (⅓) = c0 + ⅓c1 + (⅓)2c2 + (⅓)3c3

p2 = p (⅔) = c0 + ⅔ c1 + (⅔)2c2 + (⅔)3c3

p3 = p(1) = c0 + c1 + c2 + c3



Interpolating Polynomial Mathematics 
Cont.

Â We can write these equations in matrix 
form as: p = Ac
ÃWhere: And

Â The desired coefficient for our equation is 
c = MIp

p = [ ]
p0
p1
p2
p3

A = [ ]
1      0      0       0
1 ⅓ (⅓)2    (⅓)3

1    ⅔ (⅔)2 (⅔)3

1      1      1       1

Interpolation: Blending Functions

Â We can obtain additional insights into the 
smoothness of interpolating polynomial curves 
by rewriting our equations in a slightly different 
form.

Â We obtain p(u) = uTc = uTMIp
which we can write as p(u) = b(u)Tp
where b(u) = MI

Tu
Á B(u) is a column matrix of four blending 

polynomials



Blending Functions Cont.

Â Each Blending polynomial is cubic

Â If we express p(u) in term of these 
blending polynomials: 

p(u) = b0(u)p0 + b1(u)p1 + b2(u)p2 + b3(u)p3 = Σ bi(u)pi

3

k=1

Interpolation: Cubic Interpolating Patch

Â There is a natural extension of the 
interpolating curve to the interpolating 
patch.

Â A bicubic surface patch can be written in 
the form 

p(u,v) =Σ Σ uivicij

3

i=1

3

j=1



Cubic Interpolating Patch

Cubic Interpolating Patch

Â Rather than writing down an solving each 
point’s curve equation we can proceed in a 
more direct fashion.

Â If we consider v = 0, we get a curve in u 
that must interpolate p0, p1, p2, and p3.

Â Using these results on interpolating 
curves, we write this curve as

P(u,0) = uTMI[ ]
p0
p1
p2
p3

= uTC[ ]1
0
0
0



Cubic Interpolating Patch Simplification

Â We can consolidate multiple curves into 
one simplified equation:

Â Then we can substitute the surface into 
the equation:

uTMIP = uTCAT

p(u,v) = uTMIPMI
Tv

Conclusion

Â We interpolate points into curves, then 
interpolate those curves into surfaces, we 
can then blend multiple surface patches 
into one fluid surface using:

p(u,v) = Σ Σ bi(u)bj(v)pij

3

i=1

3

j=1



The End

Questions?



Bezier and Spline Curves and 
Surfaces

Matt Charron

Tanya Vieira

Bezier curves

Â Defined by two end points
¹ (x0, y0) origin endpoint

¹ (x3, y3) destination endpoint

Â And two control points
¹ (x1, y1), and (x2, y2) 



Bezier curve

p0

p1
p2

p3

p1 located at u=1/3 p2 located at u=2/3

slope p’(0) slope p’(1)

u

Equations

p(0) = p0 = c0

p(1) = p3 = c0+c1+c2+c3

p’(0) = 3(p1- p0) = c0

p’(1) = 3(p3- p2) = c1+2c2+3c3

Interpolating conditions are the same

Approximating derivative conditions
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Cubic B-splines
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p(u) = uTMSp = b(u)Tp

Bézier Surfaces

Â Bézier curves can be easily adapted to 
generating surfaces.

Make the control points themselves lie on Bézier curves



Cont…

Â P(v) = C0(v)*P0 + C1(v)*Q0 + C2(v)*R0 + C3(v)*S0
Â Q(v) = C0(v)*P1 + C1(v)*Q1 + C2(v)*R1 + C3(v)*S1
Â R(v) = C0(v)*P2 + C1(v)*Q2 + C2(v)*R2 + C3(v)*S2
Â S(v) = C0(v)*P3 + C1(v)*Q3 + C2(v)*R3 + C3(v)*S3

Surface based on the 4 Bézier curves, which are 
each defined by 4 control points:

Surface is defined by 4*4 = 16 control points.

Just as you can generate a curve by interpolating 
between points, you can generate a surface by 
interpolating between Bézier curves. And to do so, 
the number of control points equals the number of 
control points in the Bézier curves (which are all 
assumed to have the same number of control 
points) times the number of curves.

Cont…

Â Problem with Bezier splines and surfaces is that the 
control points have global scope

Change in one control points effects the global shape 
of the curve, which could be undesirable


